I. INTRODUCTION
Intrinsically disordered proteins (IDPs) are proteins that lack a stable three dimensional structure in solution but which are able to fold in suitable environments and perform various functions within the cell. Their misfolding and aggregation are strongly linked to a number of neurodegenerative disorders such as Parkinson's disease (PD) and Alzheimer's disease (AD). 1 The proteins linked to these disorders are α-synuclein (α-syn) and amyloid-β (A β), respectively. These proteins can change their secondary structure and engage in the formation of various aggregates, ranging from amorphous agglomerates to ordered fibrils, which are known to accumulate in specific brain areas and cause neurodegeneration. [2] [3] [4] [5] [6] Depending on the physiological conditions, α-synuclein can aggregate into oligomers of various sizes and geometries, into fibrils of distinct polymorphism, or into higher order aggregates such as Lewy bodies. 4, 7, 8 The prevailing ordered structures commonly associated with neurodegradation are amyloids, which are protein aggregates rich in β-sheet content. 9 Amyloids are characterised by a cross-β architecture 10, 11 in which the β-strands of distinct peptides are running perpendicular and intermolecular hydrogen bonds are running parallel to the long axis of the fibril. 9 Over the past decades, a profound insight has been gained on how folding occurs in regular, ordered proteins. However, the folding process of intrinsically disordered proteins is still poorly understood, despite being intensively explored by both experiments and simulations. 4, 12 To a) Authors to whom correspondence should be addressed. Electronic addresses: i.m.ilie@utwente.nl; w.k.denotter@utwente.nl; and w.j.briels@utwente.nl understand the folding pathways and the structure of αsynuclein within a fiber, various mechanisms have been proposed and multiple experimental techniques were used. The building blocks of amyloid fibers are the central 60-70 amino acids (AAs) of α-synuclein, roughly coinciding with residues 35 through 100. 13, 14 It has been shown that the central region forms cross-β sheets packed in a highly ordered fashion, parallel, and in-register. [13] [14] [15] This core is formed of five strands, each consisting of about 10-12 residues. 15 The N-terminus of the protein is structurally more heterogeneous than the core, and the C-terminus also remains unfolded. 13 Experimentally the growth process of a fiber is found to exhibit two phases: growth periods (referred to as "go") during which the fiber is naturally growing by monomer attachment and interrupted by long pauses (referred to as "stop") during which growth is prohibited. [16] [17] [18] [19] Moreover, fiber elongation has been proposed to follow a "dock-lock" mechanism during which a free monomer rapidly binds to an existing fiber (dock) followed by slow structural rearrangements towards the ordered state of the template (lock). 69, 70 Computer simulations can provide insight into protein folding at length-and time scales that are difficult to access by experiments. Atomistic simulations provide detailed information on the folding process of peptides, but they are computationally expensive and unable to reach the longer aggregation time scales of entire proteins. Instead, coarse grain simulations reduce the number of configurational degrees of freedom to enable access to longer time scales and to make accurate predictions of slow folding mechanisms. [20] [21] [22] All-atom simulations of fragments of α-synuclein showed that the secondary structure strongly depends on the solvent conditions. 23, 24 Transitions between the conformations of various IDPs have been intensively studied by Molecular Dynamics (MD) simulations. [25] [26] [27] Molecular docking and MD simulations on α-syn showed that β-sheet rich oligomers are less stable than α-helical oligomers. 28 Another study showed that β-sheet rich oligomers are more compact than helical oligomers suggesting that they could be the precursors of fibrils. 28 Furthermore, the aggregation pathways are highly dependent on the β-sheet propensity of the peptide, i.e., high β-sheet propensity leads to rapid aggregation into fibrillar structures, whereas low β-content leads to the formation of long-lived intermediate oligomers before fiber formation. 29 The most intensively used coarse grained models for IDPs are lattice models, in which each residue is represented by a single particle occupying one site on a cubic lattice, while all unoccupied sites are considered as solvent. 30 A recent study on small peptides predicts that the self-assembly into fibers occurs either through random aggregation or via a templated-folding process, the latter suggesting strong correlations between folding and aggregation. 31 Moreover, simulations show that H-bonds are formed both intramolecularly in β-sheet rich folded proteins and in intermolecular crossβ structures. 32 To study the aggregation of IDPs into higher order aggregates, several coarser models have been proposed and used. These vary from representing a protein by several beads to single particle descriptions. One of the first among these models represents a protein as a 10-bead-molecule with one internal angular degree of freedom to distinguish between an amyloid-protected and an amyloid-forming state. 33, 34 This model was successful in studying the formation pathways of various oligomeric and fibrillar structures. In another model, a protein is described as a rigid tetrahedron with four beads: two hydrophobic and two hydrophilic. 35 This model was used to study the aggregation into amorphous structure and to analyse fiber formation and breakage. A step further on the ladder of highly coarse grain models is that a protein is represented by a single patchy particle. The Alzheimer's A β protein has been coarse grained into a single spherocylinder with surface patches that can spontaneously switch between two distinct binding states, representing the unfolded and folded configurations, respectively. [36] [37] [38] [39] Simulations showed a concentration dependence of fibrillization: one step nucleation at low concentration and two step nucleation at high concentrations. We observed one-step and two-step nucleations by representing the core of α-synuclein as a single polymorph particle able to change both shape and binding affinities as a function of the environment. 40 This model also showed that a fiber can act as a catalyst that enhances the transformation of an oligomer into a fiber.
The aforementioned studies employ a variety of coarsegrain models aimed at describing the nucleation and growth mechanisms of amyloid, but, except for the lattice models, they are unsuited to study the folding mechanisms of a protein on the surface of a fiber. One step further towards understanding the complete growth mechanism of amyloidogenic proteins is introducing a model that more closely follows the main features of the protein. These include capturing the conformational dynamics and distribution of binding affinities along the contour of the protein. With this in mind, we introduce a model consisting of a chain of polymorphic patchy particles to describe α-synuclein at the secondary level, see Fig. 1 . We capture the agility of the protein to adapt its local secondary structure, e.g., transitions from disordered to β-sheet, by varying both geometry and interaction characteristics of the particles. The disordered state is modelled as a random chain of spherical particles. In the most ordered state, the protein segments can form β-sheets, which are modelled as spherocylinders. The translational, rotational and the internal dynamics of the particles are described by a recently introduced Brownian Dynamics algorithm. 40, 41 The focus of this paper is to study fibrillar growth and the mechanisms of attachment of a free monomer on the surface of a fiber via coarse grained simulations. Since spontaneous attachment is a rare event in coarse-grained simulations, dedicated simulation techniques are required to explore this process. The much rarer event of filament nucleation by several monomers coming together 42, 43 lies outside the scope of this study. This paper first introduces the coarse grain model in Section II. It then continues with a short overview of constrained Brownian Dynamics in Section III. Section IV presents the free energy profiles of a protein attaching to a fiber. The paper ends with conclusions in Section VI. 
II. THE SIMULATION MODEL

A. Polymorph particles
α-synuclein is a 14 kDa 140 amino acid (AA) intrinsically disordered protein, characterised by a partial weak secondary and tertiary structure in its native state. The structure and the properties of α-synuclein depend on its amino acid sequence, see Fig. 1(a) . Three main regions can be defined: the amphipathic N-terminus consisting of the first 60-65 amino acids, the hydrophobic non-A β component (NAC region) comprising the next 30 AA, and the charged C-terminus composed of the last 50 amino acids. These regions can adapt their conformations in response to the surrounding environment. The protein is mainly disordered in a solvent, its first two regions become α-helical upon binding to a membrane, 44, 45 and the central 60 amino acids form β-sheet rich structures in fibrils and amyloids. 46, 47 We model the protein as a short chain of particles and simulate the conformational flexibility of α-synuclein by enabling every particle to adapt its "conformation" depending on the surrounding environment. 40 This includes changing shape, binding characteristics, and thermodynamic stability of the particles, referred to as "chameleon" particles. Figure 1 (b) shows a cartoon of the model protein illustrating the various conformations its particles can adopt. The dynamic nature of the model is emphasised by combining the particles' instantaneous shapes with a state dependent colour. We use spheres to describe disordered segments (depicted in purple), long spherocylinders for the components of a β-sheet (in dark blue and red), short spherocylinders for α-helical segments (in orange), and spheres to mark transitory states (in green).
In this paper, we are interested in amyloid growth. The central 60 amino acids (AA 30 to 90) are known to be the building blocks of amyloid fibers. 13, 14, 48 Furthermore, both N and C-terminal regions are believed to slow down the aggregation process but not to have any other major influence on the fibrillation. 49 Given these arguments, we will limit ourselves here to modelling just the core of the protein and postpone extending the model to represent the full α-synuclein in a future study. For ease of presentation, we refer to the central 60 amino acids of α-synuclein, which have the ability to form cross-β-sheets and form the core of the amyloid fiber, as "the protein."
Starting from the protein's geometrical features, we coarse grain the core (central 60 amino acids) of α-synuclein into a chain of five "chameleon" particles 40 connected by four springs. Each particle represents about 12 amino acids which can vary from disordered (sphere) to β-sheet rich (spherocylinders). A disordered protein is represented as a random chain of five spheres. The dimensions of the individual spheres have been chosen such that they match experimental observations. It is known that α-synuclein is more closely packed than a random coil 50 but less closely packed than a globular protein of the same contour length. 51 We scaled the experimental radius of gyration R g of about 40 Å of the complete protein to determine that of a 12 amino acids sequence as R g = 1.17 nm, corresponding to a particle diameter D S = 2.34 nm. Upon engaging in fibril formation, α-synuclein adopts a β-sheet rich conformation composed of five β-strands that are able to form intermolecular hydrogen bonds with the neighbouring proteins, i.e., to engage in the cross-β-sheet conformation characteristic for this protein. 52 We represent a β-sheet as a folded chain of five spherocylinders closely mimicking the properties of the five β-strands in a β-sheet, see Fig. 2 . Experimental measurements on these fragments revealed that the lengths of the β strands vary from 2.0 to 3.5 nm, and the measured inter-strand distance within a fiber is 1.0 nm. 15 With this in mind, we define the tip to tip distance of a spherocylinder as L R = 3.5 nm and the diameter as D R = 1.0 nm.
To mimic the ability of α-synuclein to change its conformation depending on the environment, we employ a model previously introduced by us. 40 A parameter λ i is introduced to describe the internal state of the ith particle. Starting from experimental observations that α-synuclein has little structure in solution, we build an internal potential that favours the disordered state over the ordered state. This potential is given by a combination of two third order polynomials
with their minima at λ = ±2/3, as shown in Fig. 3 (a). Their depths are −ε S λ and −ε R λ and correspond to the disordered (spherical) and ordered β-sheet rich (spherocylindrical) states, respectively. The geometrical properties of the particles are naturally connected to the internal coordinate. To describe this relation, a smoothed step function µ(λ i ) is introduced,
where A = 10 determines the width of the transition region. This function smoothly switches from zero, for negative values of λ i (sphere), to unity, for positive values of λ i (spherocylinder). Length L and diameter D of particle i are then given by
as shown in Fig. 3 (b), where L R denotes the end-to-end distance of a spherocylinder and L S equals D S for a sphere.
B. The repulsive potential
The repulsive component of the potential avoids strong overlap between particles. Naturally, the hardness/softness of the potential depends on the nature of the interacting particles. This property is captured in the potential by introducing a dependence on the internal states (λ) of the particles. The repulsive potential, as a function of the minimum distance d min (to be defined below), between particles i and j is given by
and extends up to twice the average diameter D = 0.5(D i + D j ) of the particles. The hardness of the potential is designed to vary with the internal states of the interacting particles, with an exponent n = 4 + (µ i + µ j ) varying from 4, for two interacting spheres, to 6, for two interacting spherocylinders. The adjustment of the hardness is motivated by the physical properties of the protein segments: disordered sections are more loosely packed and hence softer than the ordered β-strands, which are more compact and robust. The minimum distance d min between the long axes of two particles i and j depends not only on their centres of mass positions r and orientationŝ u of the long axes 53 but also on their internal states λ. 40 The minimum distance between the long axes reads
This equation accounts for the internal states of the particles by restricting the two minimisation parameters α i and α j to |α i | ≤ 1 2 (L i − D i ) and |α j | ≤ 1 2 (L j − D j ), respectively. For two spherical particles, this distance reduces to the distance between their centres. If two rods are nearly aligned, small changes in their orientations can lead to significant changes in their points of closest approach, and the derivative of Eq. (5) may become singular. Therefore a different calculation of the minimum distance is required in these instances. Defining the average direction 40
the centre to centre vector r ij = r i r j is decomposed into projections parallel, r , and perpendicular, r ⊥ , to this direction. The minimum distance is then calculated as 54
where L = 0.5(L i + L j ) is the average length of the two particles.
C. The attractive potential
The formation of amyloidogenic aggregates is the result of hydrophobic, van der Waals, and hydrogen bonds both within and between proteins. 55 Their relative strengths are determined by the internal states of the particles, i.e., disordered protein segments are mainly governed by hydrophobic and van der Waals interactions and occasional hydrogen bonds, while in fibrils protein segments adopt a more compact structure and are governed by strong short ranged inter-molecular H-bonds and weak intra-molecular interactions. The potential introduced here captures these features and is given by
It has been designed to convey directionality between spherocylindrical particles, to mimic hydrogen bonding, and to be non-directional between spheres, to resemble anisotropic protein segments. In the following paragraphs, we explain every term on the right hand side of Eq. (8).
We start with introducing the distance dependent function η(d min ) in the attractive potential,
that smoothly increases from 1 to 0 with increasing distance and remains zero for d min ≥ 2D. Its steepness is set by the λ dependent parameter A attr = a attr µ i + µ j + b attr . Here a attr = 1.25 nm −1 and b attr = 1.5 nm −1 are two positive parameters chosen such that the steepness of the attractive potential varies between 1.5, for two interacting spherocylinders, and 4 for two interacting spheres.
The sum of the terms between the curly brackets of Eq. (8) reduces to its first term upon the interaction of two spheres, i.e., C SS . The last term between the curly brackets introduces an interaction between a spherical, µ(λ) 0, and a spherocylindrical particle, µ(λ) 1, of interaction strength C SR . Both these terms introduce a non-directional component in the potential, in the sense that the potential depends on the minimum distance only. The second term between the curly brackets defines the interactions between two spherocylindrical particles and accounts for both weaker, van der Waals and hydrophobic, and strong, H-bonds, interactions. Figure 4 shows the strong intermolecular H-bonds along the direction of fibrillar growth, in red, and the weak intramolecular bonds, in light blue. The strengths of the specific interactions are given by C s RR for the strong bonds and C w RR for the weak interactions, respectively. To mimic these interactions one needs, to introduce an orientational dependence in the potential. To describe the asymmetry, we introduce the orientation dependent function f ij in Eq. (8) with
which varies from 0 to 1. For maximum contact between the surfaces of two spherocylinders, they must run in parallel, as accounted for in the first factor in Eq. (10). The last two factors of the same equation, wherer ij is a unit vector along r ij and
penalise longitudinal displacement along the spherocylinders' long axes. The parameter a = 1.5 sets the cutoff displacement, ensuring an attractive potential covering about 75% of the rod length. The anisotropy of the interactions between two spherocylindrical particles under rotations around their long axes is described by the factor (g ij C s RR + m ij C w RR ) in Eq. (8), with m ij and g ij defined as
The vectorsn i andl i are two perpendicular unit vectors, both perpendicular toû i , see Fig. 4 . They are associated with the regions on the surface involved in van der Waals attraction and hydrogen bonding, respectively ( Fig. 5 ). Note that the hydrogen bonds are highly directional, as is accounted for by the power p = 6 for the g ij component in Eq. (12) . To mimic the flatness of a β-sheet, the same value for p has been chosen in m ij . In addition, this power limits the width of the potential and thereby favours square ordering over hexagonal ordering of the rods in a fiber. Summarising, ηC s RR g ij f ij represents the strong hydrogen bonds and ηC w RR m ij f ij the weak van der Waals and hydrophobic interactions between spherocylinders.
D. The finitely extensible nonlinear elastic (FENE) potential
To model the connecting loops between consecutive beads within the chain, we use the finitely extensible nonlinear elastic (FENE) potential. The expression for the FENE potential reads as
where db the distance between the end caps minus a margin of 0.1D; with b i,i+1 the end to end distance between the ends of the cylindrical segments of two consecutive particles, see Fig. 6 , db = b i,i+1 − 1.1D. The limit to the bond extension, R 0 , is calculated based on the number of amino acids in a connection loop. We start from the assumption that the length of one amino acid is about 0.37 nm. 56 This implies a maximum distance between the centres of mass of two chameleon particles of 12 amino acids, each of R 0 = 12 × 0.37 = 4.44 nm. The limit to the bond extension is then obtained by subtracting the dimensions of the particles and their end caps, i.e.,
1D. It reduces to R 0 = 1.86 nm for the maximum distance between the surfaces of two spheres and to R 0 = 0.8 nm for the maximum extensibility between the surfaces of the end caps of the two spherocylinders. To estimate the order of magnitude of the stiffness k of the spring, we approximate the connector as a polymer of length R 0 and a persistence length of l p = 0. experimental and computational findings for disordered αsynuclein at this temperature. 57 For a chain of 12 AA, the estimated order of magnitude of the spring constant for disordered proteins 58 
For a chain of 4 AA between two spherocylindrical particles, k = 3 k B T/nm 2 . To avoid computational problems, we linearized the FENE potential for distances beyond 0.95R 0 .
Since test runs revealed that linkers with k = 3 k B T /nm 2 , in combination with the linearization just mentioned, allow too large distances between the tethered particles, we use k = 10 k B T /nm 2 in the simulations.
E. The torsion potential
The previously introduced attractive potential accounts for the weak interactions between all spherocylindrical particles in the system. In a β-pleated-sheet, the hairpin, i.e., the connection between the rods, limits the freedom of the particles to rotate around their long axes. This prevents the formation of internal hydrogen bonds between consecutive βstrand sequences. In order to mimic this, we added a torsion potential on the consecutive particles i and i + 1 in the same molecule, which reads as
with ε tors the strength.
III. CONSTRAINED BROWNIAN DYNAMICS
A. Equation of motion
To describe the dynamics of the particles in the system, we use Brownian Dynamics simulations. This method has been developed to efficiently simulate the motion of colloidal particles in a solvent by including the collisions with the (nonsimulated) solvent molecules in the equations of motion. We use Brownian Dynamics equations of motion to describe the translational and rotational motions of anisotropic particles as well as to characterise the evolution of the internal coordinate λ. Here we present only the generalised equation of motion as the expanded equations have been previously introduced. 40, 41 Next we focus on free-energy calculations from the simulations.
The generalised Brownian Dynamics equation of motion 59,60 reads as
with Q the full set of generalised coordinates. Since translation, rotation and internal motions are sufficiently decoupled, for Q one may read the position of a particle, R, the quaternions q representing the orientation of a particle or the internal coordinate λ, depending on the type of motion Eq. (15) is being applied to. The first term on the r.h.s. describes the displacement over a time step ∆t which arises from the balance between a conservative force F = −∂A/∂Q and the opposing friction from collisions with the solvent molecules, where
A represents the free energy as a function of the generalised coordinates. The second term on the r.h.s. represents a drift term accounting for the inhomogeneity of the mobility tensor, which is required in the Itô representation to recover the correct Boltzmann probability distribution. The last contribution on the r.h.s. represents the stochastic displacement that replaces the random kicks from explicit solvent molecules.
Here Θ Q is a time-dependent Markovian vector, and its elements have zero mean, unit variance, no correlations across them and no memory. The random displacements are related to the mobility matrix µ Q via the fluctuation-dissipation theorem, as given by the last term with k B the Boltzmann constant and T the temperature.
To study the attachment of a protein to a fiber, we simulate a system in which a stable fibril of 10 proteins interacts with the 11th protein binding to the fiber. To analyse the attachment free energy, we fix the distance between the centres of mass of the fiber, R F , and the 11th protein, R P , at d = |R P − R F |. Here we define the generic centre of mass calculation as R = N i=1 r i /N with N the number of particles in an aggregate, i.e., 50 for a fiber and 5 for the 11th protein. This distance restriction is realised by a constraint on the translational equation of motion and has no direct effect on the rotational or the internal dynamics of the particles.
The unconstrained positions of the particles after a BD step are given by 41
with R c the constrained position at the previous time step, µ t,s the translational mobility matrix in the space frame, F i (t) = −∂Φ/∂R c i (t) the conservative force acting on the particle for a force field Φ, and Θ t i the time dependent Markovian vector. Imposing the constraint on the distance, the positions change into
with Λ a Lagrange multiplier and ∇ i d providing the direction of the constraint force, the latter two being evaluated at the previous time and the former being solved from the condition R c
as the vector connecting the positions of the unconstrained centres of mass at time t + ∆t, and d c (t) = R c P (t) − R c F (t) the corresponding vector after the previous constrained time step, the value of Λ is determined from the quadratic equation
(18) The constraint term is then introduced in Eq. (17) to determine the updated positions of all particles.
B. Free energy
In simulations of reacting systems, the determination of the equilibrium constant and the reaction rate is usually achieved by calculating the free energy as a function of the reaction coordinate. 61 The free energy along d is defined as
where A 0 defines the zero point and the partition function Q(d) is given by the integral of the Boltzmann factor over a hyperplane defined by the reaction coordinate having a specific valued, 62
Evaluating A(d) directly is impossible, but one may recover A(d), up to an inconsequential constant, by integrating its derivative, 63
with g d = N i=1 ∇ i d · ∇ i d an element of the metric tensor, Φ the interaction potential, and . . . d represents the canonical average over configurations with d(Q) =d irrespective of their velocity along the reaction coordinate, i.e., irrespective of
The transition region between reactants and products is often so highly elevated in free energy that it can only be sampled efficiently in biased simulations. To enhance the sampling efficiency, we constrain the coordinate d to the fixed valued, in which case the conditional average of a function f is given by 64, 65 
where . . . c d denotes the average over a constrained BD simulation and the factor g −1/2 d corrects for the bias introduced by ∆d = 0. As a second route to the free energy, we note that in molecular dynamics simulations, the free-energy can be derived from the average constraint force, including some corrections related to the mass-metric. 62, 63, 66 These corrections are typically rather minor, and thereby suggest that free energies can be likewise obtained from constrained Brownian Dynamics simulations,
The good numerical agreement with the results obtained through Eq. (21) confirms the validity of this relation.
IV. RESULTS
A. Simulation setup
All simulations were performed with water as the implicit solvent, having a viscosity of 7 · 10 −4 Pa s, at a temperature of 37 • C, corresponding to body temperature. The simulation parameters for the attractive potential were chosen such that fibers consisting of 10 proteins are stable. This was achieved by choosing the constants in the attractive potential according to C s RR = 20, C w RR = 10, and C SR = 0.5. Following existing theory on the diffusion coefficients of spherocylindrical particles, the translational and rotational mobility tensors are easily calculated and then used in the equations of motion. 40, 67 Note that the mobilities reduce for a sphere to the well-known Stokes-Debye-Einstein relations. 68 The time step was fixed at ∆t = 1.7 · 10 −15 s, as this proved to be the maximum time step permitted by the repulsive part of the potential. In this respect the time step limitation is similar to that in atomistic simulations. However, in the present coarse-grained simulations, we need less particles to describe longer length scales. The internal well depths for the spherical and spherocylindrical particles were chosen such that the spherical state is favoured over the spherocylindrical state: ε S λ = 5 and ε R λ = 4. In reality the internal potential is most probably much more asymmetrical in that the difference between the two internal well depths is much larger, with a much deeper well for the disordered state. In that case particles would hardly ever overcome the internal energy barrier, thereby making the use of Brownian Dynamics impossible. We therefore chose the above values to enable efficient Brownian Dynamics simulations, while still capturing the essential physics. The mobility of the internal coordinate was set at µ λ = 1.4 ·10 32 (J s) 1 which ensures in combination with Φ λ that a free particle transforms about once per nanosecond. With these parameters and ε tors = 0, an isolated protein relaxes into a sheet with four sets of internal hydrogen bonds. The formation of these internal hydrogen bond is inhibited when the torsional stiffness of the hairpins is increased to ε tors = 10, in which case an isolated protein adopts a dynamically evolving largely unstructured state. Fibrillar arrangements appear stable for both values of ε tors .
B. Results-Free energy profile
In the first set of simulations, systems were initialised by placing a single ordered molecule at a distance d above the center of mass of a fiber consisting of 10 ordered proteins in the centre of the box, see Fig. 7(a) . We performed simulations in which the centre of mass of the 11th protein was constrained at distances between 4.3 and 11 nm from the centre of mass of the fiber, both in the presence and absence of a torsion potential. At each distance, the system was equilibrated for about 0.1 µs followed by a production run of typically 1 µs. Fig. 8 shows the free-energy profile as a function of the constrained distance for systems with no torsion potential. This plot shows excellent agreement between the two curves obtained by integrating either Eq. (24), in black, or Eq. (21), in red. The free energy at the minimum near d = 4.9 nm has been set equal to zero. This distance is also the equilibrium distance between the protein and the fiber in simulations without distance constraint. In this minimum, all five particles of the protein are in the spherocylindrical state and sequentially arranged with their orientation vectorsû i pointing in alternating directions, to form the 11th layer of the fiber. With decreasing distance, the free energy increases as the protein is effectively being "pushed" into the fiber. A transition occurs for distances below 4.5 nm: in order to obey the distance constraint, while simultaneously keeping as many particles as possible near their preferred locations at the top of the fiber, two terminal particles of the protein dislodge from the top of the fiber and adopt positions along the flank of the fiber, thereby stretching the internal bonds by which these two FIG. 7 . Representation of the system setup. The free energy profile is calculated as a function of the distance d between the center of mass of a fiber of 10 proteins, in blue, and the center of mass of the free protein, in pink. The first two sets of simulations correspond to an initial state where the isolated protein is neatly folded (a). In the third set of simulations we start from a completely random free protein (b) which is then stepwise moved toward the fiber as indicated by the red arrow.
particles are attached to their respective neighbours, see snapshot in Fig. 8 .
For distances exceeding the equilibrium distance, when the protein is pulled away from the fiber, a similar competition arises between the constraint, contacts with the fiber, and intramolecular interactions. With increasing distance, first the outer particles move upwards to form a partial 12th layer of the fiber, so that they can still bind by strong hydrogen bonding interactions to the particles remaining in the 11th layer. To further improve the interaction, the spherocylinders of the protein and those of the top of the fiber are tilted. Next, the particles of the protein are one by one "peeled" off from the fiber, and they subsequently transform into the random state. From the snapshot at d = 7.5 nm, see Fig. 8 , it is clear that the FIG. 8 . The free-energy profile calculated from Eq. (21) (red line) and Eq. (24) (black line) for a system with C s RR = 20, C w RR = 10, C SR = 0.5, and ε tors = 0. The snapshots show the behaviour of the system at the indicated distances.
FIG. 9. The pair correlation histogram g(r) between the five particles of a free protein, with the protein folding into a sheet with internal hydrogen bonds for ε tors = 0 (blue line) and evolving through disordered and partially ordered conformations at ε tors = 10 (magenta line).
fiber is being deformed not only by the protein pulling at the top but also by elongation at the bottom to maintain the desired constrained distance between the centers of mass. The smallest distance at which the protein ceases to interact with the fiber, d 0 ≈ 10 nm, appears as a maximum in the free energy; beyond this distance the free energy is expected to gradually decrease following
For ε tors = 0, the particles of the unbound protein adopt the spherocylindrical state and rearrange to form intramolecular hydrogen bonds, see the snapshot in Fig. 8 and the regular spacings in the distance in Fig. 9 , while the constraint causes the protein to diffuse over a spherical surface around the fibre's center.
The folding of the free protein is suppressed when the flexibility of the hairpins connecting the β-strands is reduced by the torsion potential of Eq. (14) with ε tors = 10. The free energy profile calculated for this model is shown in Fig. 10 . The most stable structure again occurs at d = 4.9 nm and is virtually identical to that in the previous case. In particular, the contributions of the torsion potentials are almost zero. The minimum of the free energy curve, again taken as the zeropoint of the graph, therefore corresponds to virtually the same absolute free energy as the minima of Fig. 8 . The overall picture of the free-energy profile is very similar to that calculated in the absence of this torsion potential, except that the maximum has increased by about 20 k B T . The reason for this is that the torsion potential has largely removed the possibility to form internal hydrogen bonds in the isolated molecule. In fact, the remaining weak van der Waals bonds between the particles in their folded states are not strong enough to prevent part of the beads from turning spherical, as indicated in Fig. 10 by the snapshot at d = 10 nm. The detached protein was observed to form 2 to 3 dynamic internal bonds while the remaining segments adopt dynamical disordered conformations, as is confirmed by the distance histogram in Fig. 9 . For constrained distances larger than 5 nm, initially the protein retains its planar structure, until its constituent beads are again peeled off one by one. The added stability provided by the torsion makes the fiber retain its structure much better than in the case with no torsion potential, as no significant structural modifications in the fiber are visible, see Fig. 10 . To further test the influence of the torsion potential, we increased its strength to ε tors = 20, but this did not result in any major differences in the free-energy profile (data not shown).
In a third set of simulations, we placed a completely disordered protein at a large distance (d > 11 nm) from the center of mass of the fiber and allowed the system to equilibrate, see Fig. 7(b) . We weakened the hydrogen bonding to C s RR = 15, which still ensures the stability of the fiber but is expected to reduce possible trapping of the protein in a mis-folded state on the fiber. After equilibration, the protein is stepwise moved to the fiber, using the final frame of the current time as the initial frame of the next time. As in the previous simulations, at large distances the protein diffuses on a sphere around the fiber. To avoid lateral attaching of the protein to the fiber, in some runs at large distance we returned the protein to a position along the long axis of the fiber before decreasing the distance between the centers of mass. Upon approaching the fiber, the segments of the protein gradually adapt conformation and bind to the fiber. First one segment becomes spherocylindrical and binds followed by a step-by-step transformation and binding of the other segments as the distance is reduced. This behaviour is shared by systems with ε tors = 0 and ε tors = 10 (data not shown). In Fig. 11 the free energy when starting the simulations at every distance with a neatly folded protein (blue line) is compared with that of an initially disordered protein that is stepwise FIG. 11 . The free-energy profile for a system with C s RR = 15, C w RR = 10, C SR = 0.5, and ε tors = 10 upon stepwise approaching an initially disordered protein to a fiber (magenta line) and restarting every distance with an optimally configured protein (blue line). moved to the fiber in a series of simulations (magenta line), for C s RR = 15 and C w RR = 10 in the presence of torsion, ε tors = 10. The different minima of the two lines indicate that the initially disordered protein became trapped in a local minimum. We repeated the approach procedure several times, in each case ending in a local minimum. Visual inspection of the system at these minima showed that the 11th protein easily attaches to the fiber in a sub-optimal configuration from where there is little chance to recover. For instance, in some cases the two sequentially neighbouring beads i ± 1 of a bead i attach as two adjacent spherocylinders to a fiber leaving the particle i in a spherical state dangling on top or next to the fiber, see Figs. 12(a) and 12(b). Similar behaviour was also observed for segments that are more than one particle apart, see Fig. 12(c) . The simulations indicate that it is easy to attach in a sub-optimal manner, while it is difficult to re-arrange these configurations into the optimal alignment.
V. DISCUSSION
Highly ordered filaments of α-synuclein are known to form intracellular inclusions in the brains of patients with Parkinson's disease. The mechanisms by which these filaments grow and how a protein attaches on the surface of a fiber are not fully understood. Experimental work and small scale simulations on other proteins or fragments thereof describe a generic amyloidogenic "dock-lock" mechanism of fibril elongation. [69] [70] [71] [72] [73] [74] These studies show that monomer attachment to the fibrillar end is a two-step process in which the free monomer rapidly binds to the surface of the fiber (dock) followed by a slow rearrangement towards the structure of the fiber template (lock). 69, [71] [72] [73] 75 Atomistic and slightly coarsegrained simulations on small fragments of various amyloid forming proteins revealed the small scale details of the restructuring of docked proteins. [71] [72] [73] [74] [75] [76] The free-energy profile of A β35-40 docking and locking to a fiber were calculated using all-atom simulations in implicit and explicit solvent. 72 Furthermore, it was shown that a united residue A β1-40 locks to a fiber by the slow binding of one β-strand followed by the rapid binding of the second β-strand. 76 Studies on fragments of amyloid-β revealed that the break-up of strand-loop-strand motifs in the attaching monomer plays a key role in a lock phase lasting three to four orders of magnitude longer than the dock phase. 73 While simulations just mentioned focus on describing the specific details of the dock-lock attachment mechanism, we aim at describing the attachment of the much larger αsynuclein protein to a fiber. To this end we introduced a coarse-grain model representing the protein as a chain of polymorphic patchy particles which retain the real protein's binding affinities. The simulations show that this type of model is computationally feasible and captures the transitions in secondary, tertiary, and quaternary structures induced by interactions between proteins. The calculated monotonic decrease of the free-energy profile between the partially ordered protein in solution, d ≥ 10 nm, and the ordered state in a fibril, d ≈ 5 nm, would suggest that attachment to the fibril is a diffusion limited process in the current model. This agrees with existing small scale simulations which suggest a diffusion limited locking followed by slow docking. 72, 73 Yet experimental findings imply there may be a rate-limiting barrier. 43, 77 This discrepancy might arise due to the absence of the Nand C-terminal regions in the current coarse-grain model, which only considers the central ≈60 amino acids of the protein. The fibril growth rate of the truncated protein is known to be much higher than that of the full protein, in which the highly charged C-terminus is inhibiting the fibrillation process. 49 More interestingly, and inspired by the dock-lock mechanism discussed above, we suggest an alternative interpretation of the experimental findings, bringing simulations and experiments closer together. While simulations starting with ordered proteins at every intermediate distance between the free protein and the fibril generally lead to a monotonic free energy profile, other simulations starting with a disordered protein placed at a large distance, which is next slowly moved towards the fibril, indicate that the approaching protein easily gets trapped in a sub-optimal configuration. In the latter case, the runs performed at each of the intermediate distances before moving the free protein to a smaller distance, are too short to sample the relevant parts of phase space. The same may happen in experiments when diffusion of the free protein towards the fibril is fast enough compared to its internal dynamics. The protein will get trapped in a metastable minimum of the free energy from which it is difficult to escape, like it occurs in the magenta curve in Fig. 11 . Only after the protein has released itself from the metastable state will it be able to properly attach to the fibril, thereby offering a new template for further growth. In the case the time needed to escape from the metastable state is within the time resolution of the experiment, this will be perceived as a "stop-and go" process. Such a stop-and-go mechanism has indeed been observed in various experimental studies, [16] [17] [18] [19] 78 in which growth disruptions of amyloid fibrils are observed, with long pauses ("stop") interrupting growth periods ("go"). Experiments over several hours show a nearly exponential distribution of stop periods, with many short stop periods and only few long ones, see Fig. 4 in Ref. 16 . One may easily envision to extrapolate these results to shorter time scales and consider very short stop periods, which with the experimental resolution available have not been recognised as such. An abundance of short stop periods will slow down the growth rate which will be interpreted as a kinetic barrier to the final attached state. The linearisation of Fig. 3 in Ref. 16 at early times in order to get growth rates depends on the time resolution of the experiment. With a coarser resolution, no stop periods will be discerned and a much smaller growth rate will be attributed to the process, from which much larger kinetic barriers will be deduced.
The above discussion clearly reveals that the distance between the approaching protein and the fibril is not an optimal reaction coordinate by itself. A better choice should include also some structural information about the attaching protein discriminating between correct and incorrect attachment. Together with the distance used in this paper, such a coordinate would provide a two dimensional free energy surface that allows a better description of the attaching process. A very rough example of such a model, reducing the distance coordinate to "attached" or "detached" and the structural information to "correct" of "incorrect," was recently proposed in an experimental work by Wördehoff et al. 16 Further experimental information on activation barriers of amyloidogenic proteins was presented by Buell et al. 43 Calculating these and similar results from simulations requires a huge expense of CPU time, which we intend to do once improved parameters in our model have been obtained from small scale simulations for the various fragments constituting the protein.
One quantity that can easily be obtained from our data is the detachment free energy of one protein to the fibril. This result will obviously be too large since our internal potential has deliberately been deformed in order to make Brownian Dynamics runs feasible. In the Appendix to this paper, we describe how this value may be obtained from our free energy profiles. The result is 162 kJ/mol, corresponding to the blue line in Fig. 11 , as calculated by Eq. (A7) given in the Appendix. The experimental value is 33 kJ/mol for the full 140 amino acid α-synuclein. 79
VI. CONCLUSIONS AND PERSPECTIVES
A coarse-grained model of α-synuclein was introduced to study the attachment of a protein to the end of a fiber. The model is highly idealised, but follows the molecular structure and the flexibility of α-synuclein and consequently manages to capture the attachment properties of a protein to a mature fiber. We performed simulations starting with ordered proteins at every intermediate distance between the free protein and the fibril and starting with a disordered protein placed at a large distance, which is slowly moved towards the fibril. Our results indicate that the approaching protein easily gets trapped in a sub-optimal configuration. The simulations thereby suggest a likely explanation for the experimentally observed stop-andgo growth of an amyloid fiber.
The intricate nature of α-synuclein makes it difficult to develop an effective coarse-grain model from scratch, and further developments are required to arrive at a more quantitative understanding of fibril growth. Having established the feasibility of modelling a protein as a chain of polymorphic particles, we can now envisage and explore possibilities to improve the current model. Experiments indicate that proteins bind in a parallel fashion along the growth direction of the fiber, yet the current model does not differentiate between the parallel and anti-parallel binding of a particle to a fiber. In addition, the five β-strands within a sheet have distinct lengths, 15 whereas we used equal lengths for all strands; including spherocylinders of distinct lengths within a chain may promote the proper alignment within a fiber. The inclusion of tails at both end of the protein is expected to slow down the growth rate. The internal free energy difference between a particle in the ordered and in the disordered states is smaller than in reality, for computational reasons. Introducing a realistic difference is a necessary improvement which will require the combination of Brownian Dynamics with Monte Carlo moves to overcome the high transition barriers. A systematic route to the force field parameters that will be a topic of future research involves matching the internal free energy profiles and the interaction energies of the coarse-grained particles with free-energy profiles sampled in relatively short fully atomistic Molecular Dynamics simulations of the peptide sequences represented by the coarse-grained particles. These topics are among the features that we plan to include in future applications of the model.
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APPENDIX: FREE ENERGY CHANGE
The attachment of an α-synuclein to a fiber of length n 1 and the release of a protein by a fiber of length n are described by the fibrilation reaction αS n−1 + αS 1 αS n .
The equilibrium constant of this reaction is defined as K n = (c n /c 0 ) (c n−1 /c 0 ) (c 1 /c 0 ) = e −∆G 0 n /RT ,
where c n is the concentration of n-mers, c 0 a reference concentration typically taken as 1 molar, ∆G 0 n is the standard free energy change of the reaction, and R is the gas constant. In statistical mechanics, this equilibrium constant is calculated as [80] [81] [82] K n = (q n /V )
where q n denotes the molecular partition of an n-mer in a volume V. In terms of the conditional partition function Q(d) of Eq. (20) , all sampled configurations with a distanced below the distance of the transition state, d , represent states with an n-protein fiber, and hence contribute to the partition function of that fiber,
All sampled configurations beyond the transition state,d > d , represent states in which a monomer is detached from a fiber of n 1 proteins, and hence contribute to the product of their partition functions
For large distances, where the fiber and protein do not interact, the conditional partition function Q(d) becomes quadratic in d for geometric reasons. One may then write
where d 0 is an arbitrary large distance beyond the interaction range. Using Eq. (19) to convert a calculated free energy profile A(d) into a conditional partition function Q(d), where A 0 may be taken as zero, the above two integrals can be evaluated. The free energy change of the reaction is obtained as
In our calculations, d 0 is taken as the rightmost point of the free energy profile.
